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Abstract 

We present some new regularity criteria for suitable weak solutions of mag- 
netohydrodynamic equations near boundary in dimension three. We prove that 
suitable weak solutions are Holder continuous near boundary provided that ei- 
ther the scaled L^'f-norm of the velocity with 3/p + 2/q < 2, 2 < q < oo, or the 
scaled L^'f-norm of the vorticity with 3/p + 2/q < 3, 2 < q < oo are sufficiently 
small near the boundary. 



1 Introduction 



We study the regularity problem for suitable weak solutions (u, 6, it) : Qt — >• M 3 x 
R 3 x R of the three-dimensional incompressible magnetohydrodynamic (MHD) equa- 
tions 



' u t - Au + (u • V)u - (6 ■ V)6 + Vvr = 
b t - Ab + (u ■ V)6 - (b ■ V)u = 
div u = and div 6 = 0, 
k u(x,Q) = Uo(x), b(x,Q) = b (x) 



in Q T :- 



x [0, T). (1.1) 



161 

Here u is the flow velocity vector, 6 is the magnetic vector and it = p H — — is the 
magnetic pressure. The boundary conditions of u and 6 are given as no-slip and slip 
conditions, respectively, namely 



u = and 6-^ = 0, (V x 6) x v = 0, 



on 



;i.2) 



where v = (0,0,-1) is the outward unit normal vector along boundary cM+. By 
suitable weak solutions we mean solutions that solve MHD equations in the sense 
of distribution and satisfy the local energy inequality (see Definition 12.11 in section 
2 for details). 

The MHD equations describe the dynamics of the interaction of moving conduct- 
ing fluids with electro-magnetic fields which are frequently observed in nature and 
industry, e.g., plasma liquid metals, gases, two-phase mixtures (see e.g. [2] and [3]). 
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Let x = (xi,x 2 ,0) G dR+. For a point z = (x,t) 6 cM 3 x (0,T), we denote 
B x , r =■ {y £R 3 :\y-x\< r}, B+ r := {y G B» >r : y 3 > 0}, 

Q^,r =: 5 a ,r x (i-r 2 ,i), Q+ r := {(#,*) G Qz,r ■ y3 > 0}, r<Vt. 

We say that solutions u and 6 are regular at z G M 3 ^ x (0, T) if u and b are Holder 
continuous for some Q^ r , r > 0. Otherwise, it is said that u and 6 are singular at z. 

We list some known results for MHD equations relevant to our concern, in par- 
ticular regarding regularity conditions in terms of scaled invariant quantities. 

It was shown in [3] that weak solutions for MHD equations exist globally in time 
and in the two-dimensional case weak solutions become regular (compare to [18] 
and [12J for the NSE). In the three-dimensional CctSG, clS shown in [28], if a weak 
solution pair (u, b) are additionally in L°°(0, T;H 1 (M. 3 )), (u, b) become regular. Al- 
though many significant contributions have been made on the existence, uniqueness 
and regularity of weak solutions to the MHD equations, as in the NSE, regularity 
question, however, remains open in dimension three. 

In case that Q = M 3 , it was proved in [10] that a weak solution pair (u, b) become 
regular if a certain type of scaling invariant integral conditions for velocity field, 
often referred as Serrin's condition, is additionally assumed (see e.g. [22], [29], [16] . 
[5] , [30] for the NSE) . Recently, the authors have obtained similar results in the case 
that O is a bounded domain or half space (see [141 Theorem 1]) (refer to [6] for the 
NSE). The local interior case of Serrin's condition including limiting case was 
treated for MHD equations in [20] (compare to [4], [21] for the NSE). 

For a local case, various types of e— regularity criteria for suitable weak solutions 
have been also established in terms of scaled norms. Among others, it was shown 
in |36] that suitable weak solutions become regular near a boundary point z if the 
following conditions are satisfied: There exists e > such that 

limsup- / |V6(y, s)\ 2 dyds < oo, limsup- f \Vu(y, s)\ 2 dyds < e. 
r^o r J Q + r r ^o r J Q + r 

Other types of conditions in terms of scaled invariant norms near boundary are also 
found in [35] (compare to [25, [26], p3], [21], [8], [27], [38] for the NSE). We also 
refer to [TTJ, [15] and [33] in the interior case for MHD equations (compare to [23] . 
[I], [32], [33], [IS], pi], M for the NSE )- 

Here we emphasize that for the global case, i.e. Q = M 3 , additional conditions are 
imposed on only velocity field but not on the magnetic field. For local interior and 
boundary cases, however, known results require control of some scaled norms with 
scaled factors of magnetic fields as well as those of the velocity fields. 

The motivation of our study is to establish new regularity criteria for MHD 
equations depending only on velocity fields for local cases. To be more precise, main 
objective of this paper is to present new sufficient conditions, not relying on mag- 
netic fields, for the regularity of suitable weak solutions to the MHD equations near 
boundary as well as in the interior. 
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While preparing this paper, the authors have become to know that, very recently, 
Wang and Zhang showed that local interior regularity can be ensured by the control 
of only scaled norm of velocity fields. More precisely, interior regularity criteria 
shown in |37j is the following: 



(2+2-1) 

r- >-0 



limsupr 1 - 



\LP(B x>r ) 



< e, (1-3) 

L9(t-r*,t) 



where 1 < - + ^ < 2 with 1 < q < oo. We have also proved independently the 
same result as in [37| and since we think that our proof is a different version to that 
in [37], its details are given in Appendix (see Theorem 14. ip . Our main concern is, 
however, to obtain new regularity conditions near boundary. Let xq 6 dW\_ be a 
boundary point in a half space. We expect that our analysis would also hold in a 
smooth boundary as in the case of flat boundary, but our study is restricted, in this 
paper, to the case of M 3 , whose boundary is flat. 

Now we are ready to state the first part of our main results. 

Theorem 1.1 Let (u,b,ir) be a suitable weak solution of the MHD equations (jl.ip 
according to Definition \2.1\ Suppose that for every pair p, q satisfying | +■ | < 2, 
2 < q < oo and (p,q) ^ (|,oo), there exists e > depending only on p,q such that 



for some point z = (x, t) G x (0, T) u is locally in L^'| near z and 

\\LP{B+ r ) 



v -(2+2-1) 
limsupr v p i ' 



r-i>0 

Then, u and b are regular at z. 



< e. (1.4) 

Li(t-r 2 ,t) 



Remark 1.1 The result in Theorem li.il is also valid in the interior. In fact, the 
range of q in (jl.4j) in the interior is wider than that of boundary case. To be more 
precise, the pair (p, q) can be relaxed in the interior as follows: 

- + -<2, l<g<oo, (p,g)^(-,oo). 
p q 2 



As mentioned earlier, in \3T$ Wang and Zhang showed interior regularity criteria 
depending only on the control of velocity fields and we also obtain the same result 
independently. Since the method of proof is a bit different to that in f3W, we present 
its details in the Appendix for a variety of proof. 



Next corollaries are direct consequences of Theorem 11.11 

Corollary 1.1 Let (u,b,ir) be a suitable weak solution of the MHD equations (ll.ip 
according to Definition \2.1\ Suppose that for some point z = (x,t) € <9K+ x (0, T) u 
is locally in Ll^\ near z, where | + 1 = 1 with 3 < p < oo. Then, u and b are regular 
at z. 

It is straightforward to prove Corollary 11.11 by Holder's inequality, and thus we 
skip its details (compare to [20J for local interior case). Next corollary is due to 
Poincare-Sobolev inequality and the details is again omitted. 
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Corollary 1.2 The same statement of Theorem [LJ\ remains true if the hypothesis 
including condition (|1.4|) is replaced by the following: Suppose that for every pair 
p,q satisfying 2 < ^ + | < 3, 2 < q < oo, and (p,q) ^ (l,oo), there exists e > 



depending only on p, q such that for some point z = (x, t) G cM^ x (0, T) u is locally 



in L^' q near z and 



lim sup r 



iVttl 



Li(t-r 2 ,t) 



< e. 



(1.5) 



Considering scaling invariant quantities of vorticity, we can also establish other 
regularity criteria for vorticity near boundary. 

Theorem 1.2 Let (u,b,ir) be a suitable weak solution of the MHD equations (jl.ip 
according to Definition \2.1[ Suppose that for every pair p,q satisfying 2 < § + § < 3, 



2 < q < oo, and (p, q) ^ (1, oo 
for some point z = (x, t) G 



there exists e > depending only on p, q such that 



lim sup r 

r-»0 



x (0,T) w 

2) 



V x u is locally in L p ^ q t near z and 



\UJ\ 



LP(B+ r ) 



Li(t-r 2 ,t) 



< e. 



(1.6) 



Then, u and b are regular at z. 



This paper is organized as follows. In Section 2 we introduce some scaling invari- 
ant functionals and the notion of suitable weak solutions. In Section 3 we present 
the proofs of Theorem 11.11 and Theorem 11.21 In the Appendix, the interior case will 
be treated and give a detailed a proof with respect to e-regularity criteria for the 
modified suitable weak solution for MHD equations. 



2 Preliminaries 

In this section we introduce some scaling invariant functionals and suitable weak 
solutions, and recall an estimation of the Stokes system. 

We first start with some notations. Let Q be an open domain in R 3 and I be 
a finite time interval. For 1 < q < oo, we denote the usual Sobolev spaces by 
W k > q (fl) = {u G L q {n) : D a u G L q (fl),0 < \a\ < k}. As usual, W M (S1) is the 
completion of Cq°(Q) in the W k,q {Q) norm. We also denote by W~ k ' q (tt) the dual 
space of W ,9 (^), where q and q' are Holder conjugates. We write the average of / on 
E as f E f, that is / E / = J E // \E\. For a function f{x,t), we denote \\f\\ L p x ' q t (nxi) = 

\\f\\Ll(i;Ll(ff)) = llll/llLg(fi)IUf(/)- For vector fields u, v we write (uiVj)i tj=lj2 ,3 aswgw. 
We denote by C = C(a,/3, ...) a constant depending on the prescribed quantities 
at, (3, which may change from line to line. 

In this paper, we consider the case that Q = M.^, i.e. a half space in dimension 
three. For convenience, we denote the boundary of M.+ by T = R 3 n {£3 = 0}. Next, 
we introduce scaling invariant quantities near boundary. Let z = (x, t) £T x I and 
we set 

A u (r) := sup -f \u(y,s)\ 2 dy, E u (r) := - [ \Vu(y,s)\ 2 dyds, 

t-r 2 <s<t r JB+ r r JQ+ r 
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A b {r):= sup -f \b(y,s)\ 2 dy, E b (r) := - \Vb(y,s)\ 2 dyds, 

t-r 2 <s<t r JB+ r r JQ+ r 



r 1 



M «( r ) := ia I \u{y,s)\ 3 dyds, M b {r) := — / \b(y, s)\ 3 dyds, 



(u) r (s) := I + u(-,s)dy, (b) r (s) := I + b(-,s)dy, (vr) r (s)=/ + 7r(y,s)dy, 
G u , P ,q(r) ■= r v 5 \\u(y,s)\\ L P : q {Q + r) , D U)P>q (r) := r f « || Vu(y, s)\\ L p^ Q + r) 

2-1-2 

V u ,p,q(r) •■= r p i \\u(y,s)\\ L p, q ^ Q + r y uj = Vxu, 
where 1 < p, q < oo, 3/p + 2/q = 3 and 1/p = 1/p — 1/3, 

Q{r):=Uf U \ir(y,s)-(n) r (sT*dy)^ds X * 

where and A are numbers satisfying 

- + j = 4, A = i "^ KA<2. (2.1) 

Next we recall suitable weak solutions for the MHD equations (jl.ip in three dimen- 
sions. 

Definition 2.1 Let Q, = R\ and Q T = x [0, T). A triple of (u, b, 7r) is a suitable 
weak solution to (jl.ip i/ i/ie following conditions are satisfied: 

(a) The functions u, b : Qt — >■ IK 3 a^rf tt : — >■ M satisfy 

u,be L°°{I-L 2 (Q)) DL 2 (I; W 1 ' 2 ^)), vr G L A (/; L K * (fi)) , 

V 2 u, V 2 6 € L A (J; L fc (ft)) , Vvr e L A (/; L K (ft)) , 
where * and A are numbers in (12. ip . 

f&j (u,b,iv) solves the MHD equations in Qt in the sense of distributions and u 
and b satisfy the boundary conditions (jl.2p in the sense of traces. 
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(c) u,b and it satisfy the local energy inequality 

(\u(x,t)\ 2 + \b(x,t)\ 2 )(p(x,t)dx 



+2 I I (\Vu(x,t')\ 2 + \Vb(x,t')\ 2 )(/)(x,t')dxdt' 



t J Eg 



u\ 2 + \b\ 2 )(d t (f) + Ac/))dxdt' + I f (\u\ 2 + \b\ 2 + 2tt) u-V^dxdt' 

t r 

{b-u){b-V<j))dxdt'. (2.2) 



< 



'to J B xr 

for all t £ I = (0, T) and for all nonnegative function 4> E C<^°(K 3 x R). 

We consider the following Stokes system, which is the linearized Navier-Stokes 
equations: 

v t -Av + Vp = f, divt; = in Qt :=flx (0, T) (2.3) 

with initial data v(x,0) = vo(x). As in (jl.2p . boundary condition of v is assumed to 
be no-slip, namely v(x, t) = for x E d£l. We recall maximal estimates of the Stokes 
system in terms of mixed norms (see e.g. [HI Theorem 5.1]). 

Lemma 2.1 Let 1 < I, m < oo. Suppose that f E L 1 ^(Qt) and vq E d\ m ' m , 

1— — m 

where D x m ' is a Banach space with the following norm : 



D] ™' m (Q):= lwEL l a (n);\\w\\ Dl _x, m = \\w\\ Ll + 



(f 


tmA t e tA 'w 







1 

m dt~~ 

< 

L' t 



where Ai is the Stokes operatorfsee ^ for the details). If (v,p) is the solution of the 
Stokes system ()2.3[) with no-slip boundary conditions, then the following estimate is 
satisfied: 

iHk- ( Q T) + ll v2 Hk-(Q T) + n v pik-(Q T) 

^ C ^L^ T) + ^ Dr ^. (2-4) 



3 Boundary regularity 

In this section, we prove a local regularity criterion for MHD equations near the 
boundary and present the proofs of Theorem 11.11 and 11.21 For simplicity, we write 
ty(r) := A u (r) + A^r) + E u (r) + Ef,(r). Let z = (x, t) € T X I and from now on, 
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without loss of generality, we assume x = by translation. We first recall that the 
local energy estimate. 

H\) <cU4{r) + K b (r) + M u {r) + ^ ( \u\ \b\ 2 dz + \ j + \u\ |vr| dz\ (3.1) 

Next we prove a local regularity condition near boundary for MHD equations 
(compare to [H Lemma 7] for the Navier-Stokes equations). 

Proposition 3.1 There exist e* > and tq > such that if (u,b,ir) is a suitable 
weak solution of MHD equations satisfying Definition \2.1\ z = (x,t) £T x I, and 

M u (r) + M b (r) + Q(r) < e* for some r G (0, r ), (3.2) 

then z is regular point. 

The proof of Proposition 13.11 is based on the following lemma, which shows a 
decay property of (u, b, n) in a Lebesgue spaces. Although the method of proof is in 
principle the similar as in [5J Lemma 7, Lemma 8], we present its details for clarity 
(the proof will be given in Appendix). 

Lemma 3.1 Let < 6 < ^. There exist ei > and r* depending on A and 6 such 

that if (u,b, 7r) is a suitable weak solution of the MHD equations satisfying Definition 

ii 

E3 z = (x, t) G r x (0, T), and M u 3 (r) + M b s (r) + Q(r) < e x for some r £ (0, r*), 
then 

Mi {Or) + M}{9r) + Q{9r) < C9 1+a f Mj(r) + m} (r) + Q(r] 

where < a < 1 and C > are constants. 

Next lemma is estimates of the scaled integral of cubic term of u and multiple of 
u and square of b. 

Lemma 3.2 Let z = (x,t) ET x I. Suppose that u £ L^' q t (Qf r ) with 3/p + 2/q = 2, 
3/2 < p < oo. T/ien /or < r < p/4, 

M u (r) < CG u , p , q {r)^{r) < C^J*(p)G U)M (r), (3.3) 

iy H|6| 2 ^<CG UiPi9 (r)*(r)<C'^*(p)G U)Pjg (r). (3.4) 

Proof. It is sufficient to show estimate (|3.4|) because (|3.3|) can be proved in the 
same way as (|3.4p . We note first that via Holder's inequality 
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where p* and q* are Holder conjugates of p and q. For a := (3 — p*)/2p* we see that 

W b hr(B+ r ) ^ WKub^) II 6 - M^r) + ll 6 H"i(^) m ^mB+ r) 



^ c II 6 II^(b^II V6 II5^) + II 6 II^(^)^^' 

where we used Poincare inequality. Taking L 2q norm in temporal variable and using 
Young's inequality, 



<C||&|| 2 r2 ,_ n+ , + C||V& 



1 2 



Recalling (|3.5p . we can have 

\ [ \u\ \b\ 2 dxds < CG u>m {r)^{r) < C{^(p)G u , m (r). 
r JQtr r 

This completes the proof. □ 

J x,t lVz 0l r 



Next, we may continue with scaled norm of L^'1(Qf r ) estimate of b. 



Lemma 3.3 Let z = (x,t) £ T x I. Suppose that u E L^'|(Qj r ) with 3/p + 2/q = 2 
and 3/2 < p < 3. Then for < r < p/A 



K b (r) < cUYG 2 Ujm (pWp) + c(~ \ K b {p). 



(3.6) 



Proof. For convenience, we write x = (xi, X2, x 3 ) = (x',x 3 ) and by translation, 
we assume that without loss of generality, z = (0, 0) G V x I. Let ((x,t) be a 
standard cut off function supported in Q p such that ((x,t) = 1 in Q p /2- We set 
g(x, t) := —V • ([u ® b — b (g) n]C) m and we then define g(x, i), an extension of 
5 from onto Q p , in the following way: g(x, t) = g(x, t) if x 3 > 0. On the other 
hand, if X3 < 0, then 

gi(x',X3,t) = gi(x',-x 3 ,t), £ = 1,2 

g 3 (x',x 3 ,t) = -g 3 (x',-x 3 ,t). 

This can be done by extending tangential components of u and b as even functions 
and normal components of u and b as odd functions, respectively. We denote such 
extensions by u and b for simplicity. Here we also used the fact that C and V'C are 
even and d X3 (, is odd with respect to x 3 — variable, where V' = (d xl ,d X2 ). 
Next, we define w(x,t) for (x,t) £ M 3 x (— 00, 0) by 

/•* f 1 \*-y\ 2 

w(x,t)= / - — -3-e *(*— ) g(y, s)dyds, 

J -00 Ju 3 (4-7r(t - s))2 

namely, w) satisfies 

wt — Aw = g in M 3 x (— 00, 0). 
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Moreover, we can see that d X3 Wi = for i = 1,2 and W3 = on {2:3 = 0}. Let 
h = b — w in . Then h satisfies 

h t - Ah = in Q\ 

2 

and d X3 hi = for i = 1, 2 and /13 = on {£3 = 0} n Q p . Now we extend h by the 
same manner as g, denoted by h, from Q^ 2 on t° Qp/2- We then see that 

h t -Ah = iuQe. 
Via classical regularity theory, we have 

\h\ 2 dz < C{-f [ \h\ 2 dz. (3.7) 
P JQp 



On the other hand, due to Sobolev embedding, we have ||*w||x^(s ) — IMIl 2 (r 3 ) — 
C||VuH| 6 „ and we then take L 2 integration for the above in time interval (—p 2 , 0) 

II U£S(R3) to V f ' t 

such that we obtain 

l|w|| r 2,2,^ x < C||Vtt}|| 6 , < ClluftCII s , 

"Lj; (R3x(-p2,0)) u L f t (R3x(-p2,0)) 

where 3/a + 2//3 = 3/2 and 2 < a < 6, since 3/2 < p < 3. Using the estimate (j3.8j) 
and Sobolev inequality, we have 

7 IH fe(Qp) - C ^ l|s| fe(Qp)p l|6 % (Qp) - C '7 l|n|l ^;?^)^ l|6|l ^,f (<#) 

" ^H u ll^4(Q+)(^('°) + ^ C^W*^)- ( 3 - 9 ) 

Combining estimates (|3.7|) and (|3.9|) . we obtain 



K b (r) = 1 ||&% (Qr+) < ^IHfe (Qr) + ^ll^ll^ (Qr) 
<C(^) 3 G^(p)^(p) + C(^) 2 -i||6||^ (Q , ) 



2 



<C(^) 3 G^(p)M/(p) + C(-) 2 ^( /3 ). 

This completes the proof. 

In next lemma we show an estimate of the gradient of pressure (compare to 
Lemma 11]). 



□ 
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Lemma 3.4 Let z = (x, t) G T x I. Then for < r < p/4, 

(n\ / 3-2k l 3-2k 1_ \ 

+ c{^\(eI{ P ) + Q 1 {p)), (3.10) 



where k and A are numbers in (12.1 



Proof. We assume, via translation, that z = (x, t) = (0, 0). We choose a domain B + 
with a boundary such that Bf C B + C B£, and we denote (J + := B + x (— p 2 ,0). 

2 F 

Let (u,7Ti) be the unique solution of the following the Stokes system 
v t - Av + Vvri = -(u • V)u + (6 • V)6, divw = in Q+, 

{*i)§+=j Mv,t)dy = o, t£(- P 2 ,o), 

Jb+ 

v = 8B + x [-p 2 , 0], u = x {t = -p 2 }. 
Using the Stokes estimate (I2.4p . we have the following estimate 
1 1 

i 



2 IMU* ( Q+) + -||V^|| l ^ ( q +) + INU^) + l|V a «|| L jA (5+) 



■-|Kl|l^(Q + ) + H V7r lll^(Q + ) 



<C II (« 



•V) U || L ^ ((5+) + ||(6.V)6|| i;; , ((5+) 
< C(||( W - V)„||^ : x (Q ^ + 11(6- V)6||^ ; , (Q ^ 

3-2k 1 3— 2k 1 

<c(m« 2k (p)^ T (p) + M b 2K (j>M(p)), 

where we used the following estimates in last inequality above: 

3-2k £ 3-2k 2^ 

< hll,j r(Qp+) llv.||^ (Qp+) + IHI,j r(Qp+) livftll^^, 

3 2k 2 3— 2k 2 

< CpA— (p)ES (p) + CpA— (p)E* ( P ). 
Next, let w = u — v and TT2 = vr — (vr) B + — tti. Then 7^) solves the following the 
boundary value problem: 

i«t — Au; + V7T2 = 0, diva; = in Q + , 

u> = on (SS + n{x 3 = 0}) x [-p 2 ,0]. 
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Now we take k' such that 3/k' + 2/A = 2. Then from the local estimate near the 
boundary for the Stokes systems (see [25]). we obtain 

ii v2w k^) +l|W2ll <^) 

C ( 1 „ „ 1„ , 1 



C / 1 , „_ „ 1 1, 



^ ^^-II v ^II^(q|) + ll V7r ll^(Q|) + -W Vv Wl::Uqp + pll^H^wp ; ' 

i 

where Poincare-Sobolev inequality is used. Since llVull TK ,\, n+ , < Cp 2 Eu (p), we have 



C ( 1 3-2k J_ 3-2k 

'^;r«p - J 2 



\\Vir2\\ TK >,> tn+ ,<-(pEUp)+pQi(p)+pAu 2K { P )Ei{p)+pA b ^ (p)E^(p) 



(~< 1 3-2k J_ 3-2k 1_ 

= -(Ei(p) + Q 1 (p)+A u ^ (p)E$(p)+A b *< (p)E^(p)). 
Let < r < p/4. Noting that ||V7r 2 || r «.A, n +^ < Cr 2 \\ Vtt 2 \\ rK 'x eri+s , we have 

Qi(r) = -IIVttH^a^ < -(HVTrill^A^+j + [| V^ 2 [| i -,x (Q + ) ) 



J-ZK _L_ Q — X 

<C(£)(4* a " (p)itf(p) + V" 



1 3 — 2k J_ 3— 2k J. 

+C(-)[Ei(p) + Q 1 (p) + A u ^ (p)E>(p) + A b ** (p)E^(p)) 



q / 3— 2k, 1 3— 2k. 1_ \ r / — 

This completes the proof. 

We remark that, via Young's inequality, A3. lQf) can be estimated as follows: 



□ 



Qi(r) < C + *(p) + C (Qi(p) + 1) . (3.11) 

Next lemma shows an estimate of a scaled norm of pressure. 

Lemma 3.5 Let z = (x, t) G T x /. Suppose that Vir E L^(Q p ) and ir G t X {Q p ), 
where 3/k + 2/A = 4, l/«* = 1/k - 1/3 and 1 < A < 2. T/ien /or < r < p/A, 

Q(r)<C^)Q 1 (p) + C^-) Q(p). (3.12) 
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Proof. Since 1 < A < 2, we note that | < k* < 3. We first observe that due to 
Holder inequality 

T 3 

\\^)p\\ L f{B+ r ) < C (-)^ll 7r llL £ « p) - 

Therefore, due to Poincare-Sobolev inequality, we have 

< c||V7r|| iS; x (Q + r) + ^(^)*lkll^ t .* w + p) - 

Dividing both sides by r, we have 

1 y(9 1 T* 3 1 

-|l 7r llr«*.\ + ^ < c (-)-\\^ 7r \\ L ^>-(o+ ) + c (-)^~ 1 -\\ 7T \\r K *' x (o+ v 

This completes the proof. □ 

We are ready to present the proof of Theorem 11.11 
Proof of Theorem 11.11 We note first that via Holder's inequality, it suffices to 
show the case that 3/p + 2/q = 2, 2 < q < oo. Recalling Lemma [3. 41 and Lemma [3. 5\ 
we have 

If 1 1 

/ \u\ 7T dz < - \\u\\ r p,q tn + \ - VT k *,a,„+ , 

" Wz,r 

< Ce ((^) 2 + l) *(p) + Ce (Qx(p) + 1) + Ce(-)^- 1 Q(p), (3.13) 
V r / p 

where (|3.1ip is also used. With aid of Lemma I3T21 Lemma [3T3l (|3.1ip and (|3.13p . we 

have 

< Cel (^)f *§(p) + Ce(^)*(p) + Ce 2 (^) 3 *(p) + C(-) 2 K 6 (p) 
2 r r r p 

+Ce((^) 2 + l))*(p) + Ce(Qi(p) + 1) + Ce^)^ 1 ^) 



< C 



^) 3 + ^) 2 + ( e U £ )(V e + (^) 2 

r r r p 



*(p) 



+ CeQi(p) + Ce + Ce(-)^- 1 g(p), (3.14) 

P 

where we used the Young's inequality and Kf,(p) < \&(p). Let ei and e2 be small 
positive numbers, which will be specified later. 

Adding eiQi(^) and £2<5(§) to both sides in (|3.14p . and using (|3.1ip and Lemma 
13.51 we obtain 

*(~) + eiQi(~) + e 2 Q(^) 
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< c 



,2 (P 



+CeQ 1 {p) + Ce + Ce(-)^" 1 Q(p) + Ce 1 
P 



r p 



+Ce 1 (-)(Q 1 (p) + 1) + Ce 2 ^)Q 1 {p) + C7e 2 (-)-- 1 Q(p) 
p r p 



< C 



r r r p p 



*<J>) 



+C 



e + e 1 ( r -) + e 2 { P -) 
p r 



Qi{p) + C{e + e 2 )- K ' 1 Q(p) + C 
P 



r 
P 



We fix 6 £ (0, 4) with C(6> + 6>«* 1 ) < \ and then choose ei,e2 and e satisfying 



< e X < 



16C" 

Therefore, we have 



< e 2 < 



8C" 



< e < min 



16C 



, £2, 



fl 6 | 
16C 2 J 



^(0r) + eiQi(0r) + e 2 Q(0r) < ^ + ^ (#(r) + € X Qi(r) + e 2 Q(r)) . (3.15) 

Iterating (|3.15p , we can see that there exists a sufficiently small tq > such that for 
all r < ro 

+ eiQi(r) + e 2 Q(r) < j. 

Therefore, we conclude that 'l'(r) < e*/8. Next, we use the estimates (|3. 1 1 [) and 
(13.121) to obtain that there is r\ > such that Q(r) < e*/4 for all r < r\. This can be 
shown by the method of iterations as in f)3. 15|) . Summing up, we obtain ^{r)+Q{r) < 
e* /2 for all r < r±, which implies the regularity condition in Proposition 13.11 This 
completes the proof. rj 

The proof of Theorem 11.21 is given below. 
Proof of Theorem 11.21 As mentioned earlier, it suffices to show the case that 
3/p + 2/q = 3, 2<q<oo. We first show that the gradient of velocity is controlled 
by vorticity. To be more precise, we prove the following estimate (compare to [91 
Lemma 3.6]): 



D uS , q {r) < C(^)V u ,p, q (p) + C(-)f- 1 J D u ,p, (? (p). 
r p 

Indeed, let £ be a cut off supported in Q p and £ = 1 in Qp. We consider 



(3.16) 



-Av = V x (wf ) in R\ 
v = on {x3 = 0} 
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and set h = u—v. So h is harmonic function in Bf with h = on dBtr\{x^ = 0}. By 

2 2 

the mean value theorem of harmonic functions and LP estimates of elliptic equations 
for each fixed time t 

II v/i IIls(b+) ^ c (-/nvh\\ Li(B p < c(- p )l (livuii^j + l|v.|| LP - (i?p+) ) 

<cC-)7(\\Vu\\ lUb ^ + \\ "|| L £ (Bp+) ). 
Adding together above estimates, 

||Vn|| LP - (Bj+) < \\Vv\\ lUb + } + WVhWtf^ < C\\ u\\ LUBt) +C{-)hvu\\ LUBty 

Taking L 9 -norm in time and dividing both sides by r, we obtain (|3.16p . Via the 
method of iteration, the estimate implies that the scaled norm of gradient of velocity 
becomes sufficiently small. Since argument is straightforward, we skip its details. We 
deduce the Theorem via Corollary 11.21 n 



4 Appendix 

In this Appendix we present the proof of Lemma 13.11 and interior regularity is com- 
pared to boundary regularity given in Theorem 11.11 

4.1 Proof of Lemma 13.11 

As mentioned earlier, the method of proof is quite similar to that of jHJ Lemma 8] 

and main difference is mostly caused by the presence of magnetic field b. Therefore, 

we give the mainstream of the proof, instead giving all the details. 

i i 

Proof of Lemma 13. 11 For convenience, we denote <f>(r) := Mu (r) + M fc 3 (r) + Q(r). 
Suppose the statement is not true. So for any a 6 (0, 1) and C > 0, there exist 
z n = (x n ,t n ), r n \ and e n \ such that 

0(r„) = e n , 0(0r n ) > C9 1+a 4>(r n ) = C9 1+a e n . 

Let w = (y, s) where y = ^— — , s = - ^ and we define v n , b n and 7r n as follows: 

2 

ry ry> f 

v n (w) = —u(z), b n (w) = —b(z), ir n (w) = —(ir(z) - (ir) B + (z)). 

€n (-n £n r " 

We also introduce some scaling invariant functionals defined by 

T u (v n ,0) := [ \v n \ 3 dw, T b (b n ,6) := [ \b n \ 3 dw, 
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P(7r n , 6) := - Q Q ^ (^ + |vr n - (7r n ) B +fdyj K * ds^j * , 

i i 

where k* , k and A are numbers in (|2.ip . Let r n (0) = T u 3 (v n , 6) +T b i (b n ,6) + P(ir n , 0). 
The change of variables lead to 

r n (l) = \\v*\\lI$(q+) + HMl^(q+) + W* n L£\Q+) = X ' Tn ^) - 
On the other hand, v n , b n and 7r n solve the following system in a weak sense: 

J d s v n - Av n + e n (v n • V)v n - e n (b n ■ V)b n + V7r n = 0, div v n = in Q+ 
| <9 s 6 n - A6 n + e n (v n ■ V)b n - e n (b n ■ V)u n = 0, div b n = in Qf, 

with boundary data v n = 0, b n -v = and (V x b n ) x v = on Sin{x3 = 0} x (—1, 0). 
Since r n (l) = 1, we have following weak convergence: 

v n -± u in L%j(Qf), b n ^b in I%*(Qf), vr n vr in L^' A (Q^), 

and (vr) B + (s) = 0. Moreover, we note that d s v n and d s b n are uniformly bounded in 
L A ((— 1,0); (W 2 ' 2 (B^ ))'), respectively and we also have 

0, Un ->.0.u, d s b n ^d s b mL x ((-l,0);(W 2 ' 2 (B+))'), (4.2) 



Using the local energy inequality (|2.2p . Vi> n and V6 n are uniformly bounded in 

2 2 -I- 

L^ t (Q~£/±)i which implies 

v n ^u, b n ^b mW 1 ' 2 (Q+ /4 ). (4.3) 

Its verification is rather standard, we skip its details (compare to [U Lemma 8]). 
We note that u, b and it solve the following linear Stokes system 

{d s u — Au + V-7T = 0, div u = in 
d s b-Ab = 0, div 6 = in Q+, 

with boundary data u = 0, b ■ v = and (V x 6) x v = on Si n {2:3 = 0} x (—1, 0). 
We can show that 

d s v n , d s b n , Av n , Ab n , Vir n d s ii, d s b, Au, Ab,Vn in L*£(Q+, g ). (4.4) 
Indeed, due to Holder inequality, we see that 

|| IK • VK| + \(b n ■ V)b n \ + \(v n ■ V)b n \ + \(b n - VK|||,«,w , 

<C(\\Vv n A 2 + +||V6 n ||J 2 , 2 M\\v n \\ZiL (n+ , + \\b n \\]fL (n+ X (4.5) 
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Using the local estimates of Stokes system and heat equations near boundary, 
|| \d s v n \ + \d s b n \ + |V 2 id + |V 2 6 n | + |V7r n | \\ jK ,\ (n + , 

< C\\ \v n \ + \b n \ + \Vv n \ + |V6 n | + |7r n | \\ rK ,x (n+ > 

+Ce n {\\\{v n ■ VK| + |(6„ • V)b n \ + |K • V)b„| + |(6 n • VK||L«,w 0- 

We note that, due to (|4.5p . the righthand side of the above estimate is bounded by 
C(l + e n ). 

According to estimates of the perturbed stokes system near boundary in [27], u, b 
are Holder continuous in Qy 2 with the exponent a with < a < 2(1 — 1/A). Here 
we fix Qo = 1 — 1/A. Then, by Holder continuity of u,b and strong convergence of 
the L 3 — norm of v n ,b n , we obtain 

T u (v n ,0) -)> T u (u,0), T b (b n ,0) -> T 6 (M), rj (u, 0) + (b, 6) < Crf 1 ^ . (4.6) 

Next we need to estimate P(n n , 9). Let B + be a domain with smooth boundary 
such that #jjj/ 16 C B + C jB± 4 , and Q + := -B+ x (-(3/4) 2 ,0). Now we consider the 
following initial and boundary problem of v n ,b n ,Tt n 

d s v n - Av n + V7f„ = -e n {v n ■ V)v n + e n (b n ■ V)b n , divu n = in Q + , 

(n n ) 6+ (s) = o, se(-(^) 2 ,o), 

v n = ondB+ x |-(^) 2 ,0], v n = on B + x {s = ~{\?}- 

d s b n - Ab n = -e n {v n ■ V)b n + e n (b n ■ V)u n , divu n = in Q + , 

3 

b n ■ v = 0, (V x b n ) x v = on dB + x [-(-) 2 ,0], 

b n = oii5+x{ s = -(^}. 
Using the estimate of Stokes system in Lemma |2.1|. we get 

||<W[| L £A(q+) + ll 5 *Ml££(Q+) + ll u nll LK ((_(3/4)2 i o);Vl/ 2 ' A ( J B+)) 

+ H & nllL«((-(3/4) 2 ,0);Vy 2 ' A (B+)) + H* n » L K ((-(3/4) 2 fi^W 1 ^ (B+)) ^ 
<ef*(||(Wn-V)« n || i «,A ( Q + j + ||(^-V)6 n || £ j.,A w+) 

+ II (u n • V)6„|| i « > A (Q+) + || (6 n • V)v n || i «,A (Q+) ) < Ce n . 

Next, we define v n — v n — v n , b n — b n — b n and TT n — ir n — 7r n . Xhen it is straightforward 
that v n , b n and fc n solve 

d s v n - Av n + V7r n = 0, div v n = in Q + , 
d s b n - Ab n = 0, div b n = in Q + , 



16 



with boundary data v n = 0, b n -v = and (V x b n ) x u = on BiC\{xs = 0} x (—1, 0). 
Using local estimates of Stokes system and heat equation near boundary, we then 
note that v n , b n and 7r n satisfy 

||V 2 {; n |Ls,A rn + s + ||V 2 6 n |Ls,A r „+ s + ||V7r n |Ls,A rr)+ -,<C(l + e„), 

L i,i W9/I6' ^x,t W9/I6' W9/16- 1 

where k is the number with 3/k + 2/A = 1. 
Now, by the Poincare inequality, we have 

P(7C n , 0)<C 2 (Pi (vf„, 9) + P 1 (vr n , 9) 



We note that Pi(ir n , 9) goes to zero as n — > 00 because of (|4.7p . On the other hand, 
using the Holder's inequality, we have 

Pi(*n,e) < 9 2 ^J°^J^\Vn\ k d y y <C9 2 (l + e n ). 

Summing up above observations, we obtain 

liminf P(Tt n ,e) < lim C 2 9 2 (l + e n ) < C 2 9 1+a ° . (4.8) 

n— >oo n— >oo 

Consequently, if a constant C in (14. ip is taken bigger than 2(Ci + C2) in (I4.6P and 
()4.8p . this leads to a contradiction, since 

2(Ci + C 2 )0 1+ao < C9 1+ao < liminf r„(0) < (C x + C 2 )^ 1+Q °. 

n— >oo 

This deduces the Lemma [3TT1 □ 

Lemma 13.11 is the crucial part of the proof of Proposition 13.11 and since its verifi- 
cation is rather straightforward (compare to [U Lemma 7]), the proof of Proposition 
13.11 is omitted. 

4.2 Interior regularity 

In this subsection, we present an interior regularity condition (see Theorem l4.ip and 
give its proof. As mentioned in Introduction, we very recently became to know that 
the same result for interior case was obtained in [37] • However, since the proof of 
ours is different to that of [37], we give our proof. 
We first state the main result for interior case. 

Theorem 4.1 (Interior regularity) Let (u,b,ir) be a suitable weak solution of 
the MHD equations (ll.ip in IR 3 x /. Suppose that for every pair p, q satisfying 1 < 
| + |<2, 1 < q < 00, there exists e > depending only on p, q such that for some 
point z = {x, t) S R 3 x / with u is locally in VJ\ and 



Inn sup r v ? 1 ' 
Then, u and b are regular at z = (x,t 



\LP(B x , r ) 



< e. (4.9) 

Li{t-r 2 ,t) 
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Compared to Theorem II, 1\ we remark that the range of q in the interior is wider 
than that of the boundary case. This is mainly due to difference of estimates of the 
pressure for the interior and boundary cases. Since proof of interior case is simpler 
than the boundary case, we give the main stream of how the proof goes. 

We first observe that the estimate (|3.6|) is also valid for the interior case for 
1 < q < oo. Since its verification is rather straightforward, we just state and omit 
the details (see also [151 Lemma 3.7]). 

Lemma 4.1 Let z = (x,t) £ M 3 x /. Suppose that u € L p x q t (Q Z)r ) with | + | = 2, 



q 

| < p < oo. Then for < r < p/4 



K b (r) < C ^Gl p ^(p) + c(^j 2 K b (p). (4.10) 

Next we estimate the pressure in the interior. We first introduce a useful invariant 
functional in the interior case defined as follows: 

If a 
S(r) := / \ir(y,s)\zdyds. 



Now we recall an estimate of the pressure involving the functional above and since 
its proof is given in |15} Lemma 3.3], we just state in the following lemma. 

Lemma 4.2 Let < r < p/4 and Q p C M 3 x /. Then 

S(r) < c(?)\(p) + c(-)s(p). (4.11) 



r J \p 



The other estimates such as M u (r) and Jq \u\ \b\ 2 dxdt in Lemma [3. 21 is also valid 
in the interior by following similar arguments, and thus we skip its details. Now we 
are ready to give the proof for Theorem 14.11 Here all invariant functionals in this 
subsection are defined over the interior parabolic balls. 

Proof of Theorem 14.11 Under the hypothesis (|4.9p . recalling Lemma 14.11 and 
Lemma 13.21 we note first that for 4r < p 

K b {r) < Ce\P)H(p) + C{-fK b {p) < C ( e 2 (^) 3 + (-) 2 ) *(p), (4.12) 
r p \ r p J 

M u (r) + \ [ \u\ \b\ 2 dz < Ce{^{p). (4.13) 

r jQz,r r 

Next, due to the pressure estimate (|4.11|) . we obtain 



1/" , , 4 , , 2 „ , „ I.O.5., . „ 1 ,7\ 1 



1 



.,2 



|u| |vr| dz < M*(r)S3(r) < Ces (-)s*(p) + Ces (-)s*3 (p)Sa(p) 

'Qz.r ^ P 
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<Ce*{£)**(p) + Ce*{-)*S(p), (4.14) 
r p 

where Young's inequality is used. Next, combining estimates (14.12p - (14.14p . we have 
via the local energy inequality 

<) < C U( P -f + (^) 2 ) + CeH^m(p) 
2 \ r p J r 

+ Ce(^)*(p) + C7e5(^)s*(p) + Ce*(-)*S(p) (4.15) 
r r p 

2 

where we used Young's inequality and ■ps Jq \u\ < CMu (r). Let £3 be a small 
positive number, which will be specified later. Now via estimates (|4.11|) and (|4.15|) 
we consider 



2 2 \ r p r J \ p p J 

where we used Young's inequality. We fix 9 € (0, |) with < g57grp]T3 and then e 3 
and e are taken to satisfy 

f # 2 1 f e* 6>i 1 

0<e3<min |i6c4' °< e < min (T' 4 ^t|> 

where e* is the number introduced in [151 Theorem 1.1]. We then obtain 

9 (Or) + e 3 S(9r) < j + ~(*(r) + e 3 S(r) 

Usual method of iteration implies that there exists a sufficiently small ro > such 
that for all r < ro 

*(r) + e 3 5(r) < j. 

This completes the proof. rj 
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